Abstract. In general-relativistic cosmological models, the expansion history, matter content, and geometry are closely intertwined. In this brief paper, we clarify the distinction between the effects of geometry and expansion history on the luminosity distance. We show that the cubic correction to the Hubble law, measured recently with high-redshift supernovae, is the first cosmological measurement, apart from the cosmic microwave background, that probes directly the effects of spatial curvature. We illustrate the distinction between geometry and expansion with a toy model for which the supernova results already indicate a curvature radius larger than the Hubble distance.
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Expansion, geometry, and gravity Perhaps the most surprising implication of the general-relativistic cosmological models which first emerged roughly 80 years ago [1] was the possibility that the spatial geometry of an isotropic homogeneous Universe could be nontrivial. Alternatives to the intuitively obvious Euclidean geometry (a 'flat' Universe) include a three-sphere (the 'closed' Universe) and a three-hyperboloid (the 'open' Universe).
Over the past five years, a suite of cosmic microwave background (CMB) experiments have provided unique tests of the spatial geometry and provided very compelling evidence that the Universe is flat [2, 3] . More precisely, the evidence is that the Universe is consistent with flat, by which we mean that if the Universe is open or closed, the radius of curvature is larger than roughly three times the Hubble distance.
As robust as the CMB results may be, the cosmological geometry is of such fundamental significance that it is well worth exploring alternative avenues. Inspired by the recent announcement of the measurement with high-redshift supernovae [4] indicating a transition from cosmic deceleration to acceleration, here we point out that the cubic correction to Hubble's linear relation between the luminosity distance and the cosmological redshift depends on the spatial geometry [5, 6] . Although well appreciated by experts, the distinction between the effects of expansion and geometry is often imprecise in the literature. This probably stems from the fact that the matter content, expansion, and geometry are linked in general relativity. In particular, previous measurements that found an accelerating expansion [7] have not yet directly probed the spatial curvature 3 . We argue here that the measurement of the cubic correction to the luminosity-distance-redshift relation is the first significant, non-CMB cosmological test that probes the spatial geometry.
Below we first clarify the dependence of the luminosity distance on the geometry and on the expansion history. We then discuss a straw-man model (that respects general relativity but postulates an exotic form of matter) that illustrates the effects of geometry and expansion history on the cubic term. Next we show how the the quartic correction to the Hubble law might then distinguish between geometry and expansion history in this toy model. We then argue that no other classical (non-CMB) cosmological tests have yet probed the geometry.
The luminosity distance of an object at redshift
, where L is the luminosity for a given object (presumed known for the high-redshift supernovae being detected), and F is the energy flux received from that object. The expression for the luminosity distance in a dynamic, homogeneous, isotropic spacetime is
Here, H 0 is the Hubble constant, cH
4300 Mpc is the Hubble distance, and R is the (comoving) radius of curvature of the open or closed Universe; for the closed Universe, it is precisely the radius of the three-sphere, and the argument of the sine is the angle
Expansion, geometry, and gravity around the three-sphere subtended by an object at redshift z. Note that as R → ∞, the open/closed expressions reduce to that for the flat Universe, as they should. The explicit appearance of R in these equations, as well as the sin and the sinh in the closed-and open-Universe expressions, is a direct consequence of the non-Euclidean spatial geometry.
The function E(z) quantifies the expansion rate as a function of redshift; it is defined from
where H(z) is the expansion rate at redshift z, a(t) = (1 + z) −1 is the scale factor at time t, and the dot denotes the derivative with respect to time. Equations (1) follow from the properties of the spacetime, independent of the laws of gravitation.
According to general relativity, the expansion rate is determined by the matter content and the spatial curvature. If the Universe consists of nonrelativistic matter (whose energy density scales as a −3 ) plus a cosmological constant (whose energy density remains constant), then
where
and ρ m is the nonrelativistic-matter density today, G is the gravitational constant, and Λ is the cosmological constant. For reference, current best-fit values from a variety of measurements are Ω m 0.3 and Ω Λ 0.7. Equation (3) implies Ω m + Ω Λ + Ω K = 1. Thus, measurement of Ω m and Ω Λ (i.e., determining the matter content of the Universe) fixes Ω K , even without observing any geometrical effects. This is the explicit statement that in general relativity the matter content of the Universe determines the geometry.
Let us now return to equation (1) . This can be Taylor expanded (see, e.g., [6] ),
where ± is + for a closed Universe and − for an open Universe. In this expression,
(evaluated today) is the well known deceleration parameter, and
(also evaluated today) is the 'jerk', a scaled third time derivative of the scale factor a(t) of the Universe. The linear term (H 0 ) in this relation is the Hubble law, and the quadratic correction (q 0 ) is the deceleration. These do not depend on R; they thus both depend only on the expansion history, and not on the spatial curvature.
The cubic term in equation (5) is the first term in the Taylor expansion that depends explicitly on the spatial curvature R. In other words, it is the first term in the redshift expansion in which the dependence of the brightness of an object depends on the convergence or divergence of nearly parallel light rays that occurs in a non-Euclidean spatial geometry. This is the first key point of our paper.
In a Universe that consists of nonrelativistic matter and a cosmological constant, the densities Ω m and Ω Λ determine the deceleration parameter and they determine the geometry; it has thus become quite common for cosmologists to associate the cosmological The dark shaded, curved ellipsoidal region is the 95% confidence-level constraint from recent highredshift supernova measurements [4] . The light-shaded region shows the domain of validity of the cubic redshift expansion; more precisely, outside these regions, there would be a unit magnitude error at z = 1.5 introduced by the quartic term. The solid curve indicates a family of flat cosmological-constant models with decreasing matter density from right to left, terminating at q 0 = −1 when Ω m = 0. The short-dashed curve shows the same for flat models with quintessence with w = −1.2 (i.e., a phantom-energy model [11, 12] expansion with the cosmological geometry. The second key point of our paper is to remark that there is indeed a distinction. For example, if the expansion dynamics were determined by some theory other than general relativity-as some have begun to speculate in view of the apparent cosmic acceleration-then the geometry would not necessarily be fixed by the expansion history. Even within the context of general relativity, they need not be linked, as the following toy model illustrates. Consider a family of models that contain, in addition to nonrelativistic matter and a cosmological constant, some form of exotic matter with an energy density that scales as a −2 with the scale factor a(t); this could be accomplished, for example in the single-texture model [8] or with a network of nonintersecting strings [9] although the specific mechanism is irrelevant here. Suppose also that the Universe is closed. Then the Friedmann equation
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where Ω t = 8πGρ t /3H 2 0 is the texture energy density today. The crucial feature of this model is that the contributions to the expansion rate of exotic matter and spatial curvature evolve with the same time dependence. Therefore, if we set Ω t = Ω K , or equivalently,
2 /8πG(a 0 R) 2 , then the texture and spatial-curvature terms in the Friedmann equation cancel out. We thus arrive at a family of models that have the same Ω m and Ω Λ , with Ω m + Ω Λ = 1, and identical expansion histories, but are parametrized by a nonzero spatial curvature R that we can freely dial without affecting E(z). Consequently, the only influence of spatial curvature on classical tests of cosmology occurs through the geometric factor, sin/sinh in equation (1) . In the redshift expansion of the luminosity distance, equation (5), the presence of spatial curvature first appears starting at the third term.
If the Universe consists of nonrelativistic matter and a cosmological constant, then general relativity gives q 0 = 1 2
(Ω m − 2Ω Λ ) and j 0 = Ω m + Ω Λ . Suppose then (consider hypothetically a CMB-data-free world), that the matter density is determined by dynamical measurements. Then q 0 would give us Ω Λ , from which we could predict j 0 . Since the cubic term depends on the combination (5)), measurement of the cubic correction to the Hubble law then provides a measurement of the geometry. This is illustrated in figure 1 , where current supernova constraints to the
parameter space are shown. Within the class of our toy models with 0.2 < Ω m < 0.4 and Ω m + Ω Λ = 1 and R variable, it is clear that R is restricted to be bigger than roughly the Hubble radius.
Suppose, however, that rather than a cosmological constant, the dark energy has some time variation [10] with an energy-density decay parametrized by an equation-ofstate parameter w. If so, then the jerk j 0 depends on w as well as Ω m and Ω Λ [5, 6] , and it thus cannot be predicted from measurements of the deceleration parameter; i.e., the jerk and geometry cannot be distinguished by the cubic correction to the luminosity distance in this broader class of models. This is illustrated by the solid, long-dashed, and shortdashed lines in figure 1 that indicate families of flat models with w = −1 (cosmological constant), w = −0.8 (quintessence), and w = −1.2 (phantom energy [11, 12] ). In this case, one may hope to use the quartic correction to the luminosity distance [6] ,
where s 0 = (
is the 'snap', to isolate the spatial curvature. This is a difficult approach, however, in the absence of a theory of the dark energy. As the parameter space of cosmological models is expanded, more terms in the expansion must be accurately determined in order to isolate the effects of the geometry.
Before closing, we note that the recent supernova [4] measurement of the cubic correction to the luminosity distance is the first non-CMB empirical probe of the spatial geometry of the Universe. All classical cosmological measurements depend on some combination of the expansion history parametrized by E(z) and the spatial curvature R [13] . So, for example, the linear growth of perturbations depends only on the expansion history. The number-count-redshift relation, Alcock-Paczynski test, and angular-diameter-redshift relation (determined, e.g., with radio sources) depend on both
Expansion, geometry, and gravity the expansion and geometry, but none have been determined precisely at sufficiently high redshift to tease out a cubic term. We thus conclude that the new supernova measurements are the first non-CMB measurements to probe directly the effects of nontrivial spatial geometry.
